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Abstract

We propose a B-spline-based constitutive neural network to model the mechanical behavior of incompressible isotropic
materials. The theoretical foundation of this network is the Sussman-Bathe model which interpolates tension—compression
test data points and recovers the strain energy function. Our neural network uses regression to self-optimize the knot con-
figurations of the B-splines and to determine a twice differentiable curve of the material response that is closely aligned with
the given data points. We address datasets displaying physically complicated behaviors. Through the patch test validation
of the constitutive model and illustrative example solutions, we highlight the flexibility inherent in spline-based models and

the automated approximation capabilities enabled by neural networks.

Keywords Finite element analysis - Material representations - Hyperelastic materials - Neural networks - Patch test -

Further development of Sussman-Bathe model

1 Introduction

Finite element analysis is now widely used [1, 2], and consti-
tutive modeling plays a crucial role in the field of analysis. A
constitutive model is a mathematical representation of mate-
rial behavior under various loading conditions, describing
the relationship between stress and strain, and is used when
simulating real-world materials. Thus, it is imperative to
develop all-encompassing constitutive models for scientific
research and the design of structures in engineering applica-
tions. Reliable numerical simulations using finite element
analysis procedures require effective constitutive models for
accurate response predictions.

To reach effective material representations, researchers
have developed various constitutive models for different
materials. The classically established constitutive models
for isotropic rubber-like materials include the Neo-Hookean
[3], Treloar [4], Mooney-Rivlin [5] and Ogden [6] models,
but additional models are also valuable, like those pre-
sented by Arruda-Boyce [7], Yeoh [8], and Gent [9]. The

P< Klaus-Jiirgen Bathe
kjb@mit.edu

Department of Mechanical Engineering and Center

for Computational Science and Engineering, Massachusetts
Institute of Technology, Cambridge, MA, USA

Published online: 20 August 2025

underlying approach in these representations is to model
the strain energy with assumed functions of the strain ten-
sor. The stress—strain relation can then be calculated by dif-
ferentiating the strain energy representation with respect to
the strains. For example, the Neo-Hookean and Mooney-
Rivlin models use the invariants derived from the strain ten-
sor, defining the strain energy function as a polynomial of
the invariants. Another example is the Ogden model with
a power-law of the principal stretches defining the strain
energy. The coefficients in these models are unknown and
material dependent.

However, these functions predefined over the entire
stress—strain domain may not be able to capture a complex
behavior of the material, that, for example, includes peaks or
wiggles. The Sussman-Bathe model [10] resolves this issue
by introducing a spline interpolation approach, in which an
inversion formula is used to recover the strain energy func-
tion from the interpolated stress—strain data. The model has
shown good applicability in representing the stress—strain
data of incompressible isotropic materials accurately and
was extended to transversely isotropic materials by M.
Latorre and F. J. Montans [11].

On the other hand, the recent development of machine
learning techniques indicates great potential in various fields
(see, e.g. F. J. Monténs, E. Cueto and K. J. Bathe [12]).
Many authors have applied a neural network to constitutive
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modeling to predict material behavior. More than three dec-
ades ago, J. Ghaboussi, J. H. Garrett, and X. Wu [13] intro-
duced the use of neural networks to predict the stress—strain
relation of materials with a feed-forward neural network
(FFNN). This early stage of neural network application was
purely data-driven. Since then, FFNN have been widely
adopted to predict material behaviors with attempts to incor-
porate prior knowledge of material theory into the neural
network. For example, in ref. [14], a FFNN was applied to
obtain the strain energy function of hyperelastic materi-
als as a curve fitting problem, in ref. [15] a Constitutive
Artificial Neural Network (CANN) was proposed to predict
the stress—strain relation of materials using various distinct
FFNN and in ref. [16], a parametrized NN is used to solve a
hyperelasticity problem. Indeed, the use of neural networks
in constitutive modeling has become advanced and diverse.
P. Thakolkaran et al. [17] adopted an unsupervised learning
technique with physics-motivated loss functions. L. Linden
et al. [18] established a neural network model that satisfies
the physical constraints of the material such as symmetry
of the stress tensor, polyconvexity, material symmetry, and
thermodynamic consistency. The last property is imposed
through the invariants of the strain tensor as an input to the
neural network.

Despite many efforts to incorporate physical constraints
into the neural network models and their good performance
in predicting the material behavior [19], most of the neural
network models are still considered to be black-box models
and consist of fully connected feed forward neural networks
with hidden layers. Such concern regarding the interpretabil-
ity of neural network models has been raised in many fields,
and constitutive modeling is not an exception. K. Linka and
E. Kuhl [20] proposed to use suitable expressions as activa-
tion functions in the neural network. In this way, the NN
weights can choose the best strain energy function that fits
the data. Not being fully connected and the selection of suit-
able activation functions makes the network quite flexible.

However, while this approach is effective to represent
the classical models, it also inherits the limitations of these
material representations. The predefined strain energy func-
tions of the classical models as a basis of the model may not
be able to capture a local peak or other complex behaviors
in the stress—strain curve [10].

Given the advancements in finite element analysis solv-
ers [21], such as adaptive mesh refinement and load—dis-
placement-constraint methods [1, 21] for solutions, there
is an increasing need for advanced constitutive models
that emphasize the flexibility of the material model, rather
than mathematical simplicity or mathematical conditions
for computational stability such as polyconvexity. In this
paper, inspired by the Sussman-Bathe model, we propose a
B-spline-based constitutive neural network for use in mode-
ling incompressible isotropic hyperelastic material behavior.
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While the Sussman-Bathe model, as usually used [10], effec-
tively represents stress—strain data by interpolating given
data points, it is susceptible to overfitting due to the nature
of the spline interpolation. To overcome this limitation and
make the model more general, we employ a B-spline based
regression procedure within the neural network model.

B-spline-based NN architectures have recently been
applied in constitutive modeling, see [22] and [23], to rep-
resent strain energy functions with additional corrections,
but our study employs a B-spline-based network to directly
represent the stress-strain response based on the Sussman-
Bathe model. This direct approach is valuable for practical
finite element analyses as we discuss below.

An effective constitutive model should be well-integrated
with finite element procedures to produce accurate results.
Several researchers have developed various NN-based con-
stitutive models for hyperelastic materials and validated the
models through finite element analysis [24]. For instance,
I. Chung, S. Im, and M. Cho [25] developed a data-driven
model for polymer materials where the dataset was gener-
ated through molecular dynamics simulations. The authors
embedded their NN model in finite element analysis and
analyzed a plate with a hole and a corner brace model. A.
Mendizabal, P. Marquez- Neila, and S. Cotin [26] used three
benchmark examples — a cantilever beam, an L-shape plate,
and a model of a preoperative CT scan of a human liver
— and demonstrated hyperelastic materials can be simulated
in real-time. Similarly, in this study we employ finite ele-
ment case studies to verify the performance of our proposed
model.

An important validation of a finite element solution pro-
cedure is the patch test, which is a classical diagnostic used
to assess the physical consistency of a finite element formu-
lation. Hence the passing of the patch tests for the applicable
stress and strain states is extremely important. And yet, the
patch test validation seems to have rarely been addressed
in machine learning-based finite element developments, but
see the research of J. Jung, K. Yoon, and P. S. Lee [27]. In
our achievements presented below, we incorporate the patch
test validation to assess the validity of our material model
for finite element analyses.

In the following sections, we first discuss the theoreti-
cal background of the Sussman-Bathe model as originally
published and fundamental concepts of B-splines. We then
introduce the neural network model that we use and its archi-
tecture. The training process and the objective function are
described in detail. Finally, we present the results of illus-
trative examples and discuss the advantages and limitations
of the proposed model. There are many different materials,
not just pure rubbers, which exhibit locally varying trends
in the stress—strain curve. Our model provides an example of
a flexible and automated approach to constitutive modeling
for such complex materials.
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2 The Sussman-Bathe model and B-spline
representation

While, classically, constitutive models use a predefined
strain energy function for curve fitting, the Sussman-Bathe
model uses stress—strain data directly to represent the mate-
rial behavior through splines and establish an expression for
the strain energy.

2.1 The Sussman-Bathe model

The strain energy representation of an incompressible iso-
tropic hyperelastic material is in the Sussman-Bathe model
given by

W= Z w(e;) (1

where w(e;) denotes the strain energy density as a function of
the Hencky (logarithmic) strain e;. Here, each e; represents
the principal logarithmic strain in the i th principal direction
(i=1,2,3). The Cauchy stress 7; corresponding to e; can be
obtained by differentiating the strain energy function with
respect to the Hencky strain ¢;

7= a—ei + Py 2)
where py is the hydrostatic pressure. We note that we will
use the same function w(e) for each principal strain direction.

In a uniaxial tensile-compressive test, for which
we assume the physical data to be given, we have
e, =e,6,=e;= —%e. Hence, at the current level of strain
e, we obtain the following relation

7(e) = w'(e) — w'(—%e) 3)

because W|, = w(e) +2 - w(—%e).

Once the stress—strain relation is established through
a spline approximation, the strain energy function can be
recovered by the inversion formula

we= )1 <——> . e>
() kzz() < > )

Therefore, to represent the strain energy we need to
describe in a reliable way the uniaxial stress—strain behavior
of the material. In order to have an all-encompassing model
for both tensile and compressive behaviors, the Sussman-
Bathe model requires both tensile and compressive experi-
mental data to represent the stress—strain curve accurately.
More details about these derivations can be found in Appen-
dix A.

In the original Sussman-Bathe model, the stress—strain
data is interpolated by a spline function, and the strain
energy function is obtained using Eq. (4). We introduce
here a B-Spline technique replacing the interpolation of the
stress—strain data. This approach helps to reduce the poten-
tial overfitting issue and to make the model more effective.

2.2 B-Spline representation

The B-spline approximation S(x) of a function f(x) is given by

n

f6) ~ 5@ =) ¢;B;,) ®)

i=1

where B; ,(x) is the B-spline basis function of degree p,
n is the number of basis functions, and c; is the B-spline
coefficient. Each basis function B; ,(x) is defined on a local
interval, and its shape is determined by the configuration
of a knot vector. We note that for cubic B-splines, five con-
secutive knots define one B-spline basis function and the
function vanishes outside these knots.

One common approach for defining B-spline basis func-
tions is through recursion. Let t = {#,,¢,,...,t,} be a non-
decreasing knot vector. Then, the recursive formula for
B-spline basis functions is given by

lify, <x<t
B. - i = i+1 ,
o) { 0 otherwise

B (x) = a;,(x) - By (x) + b;1(x) - By 4 (x) for k=1,2,3
(6)

where

xX—t; .
L ift . >t
a;; (x) = { ity T ', and

0 ift, =t

Fp =X -
A e > G

bik(x) = k1~ Tig1 .
0 i 11 = tig

This recursive formula is known as the Cox-de Boor recur-
sion formula. In this work, we use cubic B-splines (p = 3). To
simplify the notation, we denote the cubic B-spline basis func-
tion as B;(x) := B, ;(x) when p = 3. This basis function has
nonzero support on the interval [#;, #;, 4 ]. An example derivation
of a B-spline function is given in Appendix B.

Examples of using B-spline basis functions are illus-
trated in Fig. 1. Six distinct knots are equally placed in
the interval [0, 1] with three additional knots placed at
each of the two boundaries. The basis functions B;(x)
(i=1,2,-,8)define nonzero values on the interval [#;, 7, 4]
where ¢; is the i-th knot. Two example spline functions
S, (x) and S,(x), formed by a linear combination of B;(x) as
in Eq. (5), are shown in Fig. 1, with the following values:
For S, (x), we have
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Fig. 1 Example of B-spline basis functions. Cubic B-splines are depicted with equally spaced knots, except at the boundaries. S, (x) and S, (x) are

two examples of functions given by the basis functions

¢, = 0.5618, ¢, = 0.8790, c; = 0.7012, ¢, = 1.4153,
¢s = 1.0173, ¢, = 1.7313,¢, = 1.5536,¢; = 1.8708, (7

and for S,(x), we have

¢, = 0.5618, ¢, = 0.7488, c; = 0.9358, ¢, = 1.1228,
cs = 1.3098, ¢, = 1.4968, ¢, = 1.6838, ¢ = 1.8708. &)

As represented in the figure, B-spline basis functions
are smooth and have local support. We can obtain a good
approximation of a smooth and locally varying function
by placing the knots and finding the coefficients properly.

Using cubic B-splines is advantageous because the
resulting function is C?-continuous. This is a desirable
property for the strain energy function of a hyperelastic
material, as hyperelastic materials are expected to have
a smoothly varying behavior in the stress—strain curve.

Finding an optimal number of knots and corresponding
coefficients is a challenging task. If the number of knots
is too large, the model may overfit the data, potentially
leading to undesirable fluctuations and numerical insta-
bilities. On the other hand, if the number of knots is too
small, the model may not adequately capture the charac-
teristics of the stress—strain curve. In addition, the knot

@ Springer

placement is also not a straightforward task. If the knots
are not placed properly, the model may not be able to
capture a locally rapid change in the curve or may intro-
duce unnecessary oscillations in the curve. In particular,
knots should be placed more densely in the region where
the target curve shows a rapid change in the slope as we
encounter in the example of Section 4.1.2.

3 Neural network design

Our goal is to implement the B-spline-based constitutive
model in a neural network for which we need to design
the architecture. The network should take the Hencky
strain as input and give the Cauchy stress as output. The
input is passed to a function evaluator B, which calcu-
lates each value of the B-spline basis function at the input
point. The resulting values are multiplied by the B-spline
coefficients obtained from a layer, and the sum of these
values is the output of the network. The neural network
architecture is illustrated in Fig. 2. The model mainly
consists of two parts to be trained: the knot controller
and a linear layer.
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Fig.2 Architecture of the B-Spline-based constitutive neural net-
work. The input is the Hencky strain, and the output is the Cauchy
stress. B3 is the function evaluator that calculates the B-spline basis
function values at the input points. The green dashed line represents

3.1 Neural network architecture

We begin by outlining the requirements for knots and
the structure of the knot configuration, assuming that
we use basis functions of degree 3. Then, each layer
of the network is introduced and explained in detail.

3.1.1 Knot requirements

Knots are the points that divide the one-dimensional strain
domain (the total interval) into subintervals, within which
piecewise polynomial functions are defined. The good posi-
tioning of the knots is very important because the positions
decide the shape of the B-spline basis functions. Without
loss of generality, we place the knots within the range of the
input data in an increasing order. The knots at the boundaries
are fixed at the first and last data points, and our interest is to
determine effective positions of the internal knots.

There are a few necessary conditions that the knots
should satisfy.
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the coefficient at zero strain that is not learnable and must be deter-
mined by Eq. (17). The learnable parameters are w§+"_) and v§+‘_),
and they are described in detail in Section 3.1

Firstly, one knot must be placed at the origin. The
undeformed state of the material corresponds to the ori-
gin of the stress—strain curve, with compression before
and tension after the origin. At the origin, the stress and
strain are zero. By placing a knot at the origin and adjust-
ing the B-spline coefficients accordingly (see Eq. (17)),
we ensure that the stress—strain curve passes through the
origin.

Secondly, the knots at each end of the interval must
have multiplicity four. We have a nonzero stress at the
boundaries; thus, we need a basis function that does not
vanish at these interval ends. This can be achieved by plac-
ing four knots at the same position at each boundary.

Thirdly, the internal knots should all be distinct. From
Eq. (6), we can deduce that any repetition of internal knots
leads to reduced smoothness, possibly manifested as a
sharp spike in the B-spline basis functions. Thus, we do
not allow any repetition of knots except for the knots at
the boundaries.

In short, the knots must satisfy the following three
conditions:

@ Springer



31 Page 6 of 19 Machine Learning for Computational Science and Engineering (2025) 1:31
1/ One knot should be placed at the origin. i-1
2/ Four knots must be placed at each end of the com-  x; =x;+ (x, - x,) . Z W, i=12,....n (10)
plete interval. Jj=0

3/ Knots should be placed in a strictly increasing order
by position (except at the boundaries).

3.1.2 Knot controller

The number of internal knots is prescribed to the knot con-
troller, hence needs to be defined by the user of the constitu-
tive model. The controller then determines the placement of
the internal knots. To ensure that the above knot conditions
are satisfied, we separately set two positive integers for the
number of internal knots — one for the negative domain and
the other for the positive domain.

Let n;, n, be the given number of internal knots (thus
excluding the origin and the left or right boundary, which-
ever applicable) for the negative and positive domains,
respectively, obtained from the number of data points, see
Section 3.2.2. We need learnable parameters to determine
the placement of the internal knots. Given the number of
internal knots, the unknowns are the positions of the knots,
or equivalently, the distances between the knots. Hence,
n; + 1 and n, + 1 should be the total number of learnable
parameters in the knot controller, say {Wa, Wisenns w;] } and
{war,w+, ,w;:z}. We apply a softmax function to these
weight vectors to obtain two vectors with all positive com-
ponents that (for each vector) sum to one

evi
softmax(wi) = 9)

e

We note that any vector p = {po, (TRPRIN pn}, where
oM = land y; > Oforall i, can partition an interval (x;, x,)
into n subintervals, by mapping each element proportionally to
the length of the interval length using a linear transformation.
This concept is mathematically expressed as follows:

{E =t == <t <<t <t'=0<f < <1f
- n 1 n,

and we call x; the partition points. We use this property to
determine the positions of the knots. Since we have a vec-
tor with its elements summing to one (using the softmax
function), the knot positions are obtained directly from the
partition points.

Lete,,, and ¢,,,, denote the smallest and second (next)
smallest values in the strain data. By taking x; =¢,,,;, <0
and x, = 0, the negative knots are determined using

(=10, =10, =15 = €y
i-1
+(0=2,) - Y, softmax(wy) for i=12,....n,

J=0
an

We use the second smallest value as the lower bound
of the negative domain, rather than the smallest value, to
prevent the first knot from being placed between the two
smallest data points as no useful information can be learned
in that region.

Similarly, let e, and e,,,. denote the largest and
second largest values in the strain data. With x; = 0 and
X, = €. > 0, by the same reasoning, the positive knots
are determined by

t,' = Cumin

S
X _tfll_ =1
i-

ti+ =0+ (€, —0) Z softmax(w;r) fori=12,...,n,
j=0
12)
As noticed, the weights w; and wi+ here basically shift

the positions of the knots. The final ordered set of knots
then becomes Eq. (13).

= Cmax

13)

+ __ — 4+t 7
< —~~~—t_3—emux}

3.1.3 Linear layer

From the knot controller, we have collected (n; + n, +9)
knots in total. In a cubic spline setting, we recall five
consecutive knots determine one B-spline basis function.
Thus, we need to find n; + n, + 5 coefficients. We label the
learnable parameters as follows.

o

Vo Vo Vis eees n, 12 0 Uiy

0° 0° V1 (14)

where each v} is associated with the B-spline basis func-
tion B;(e), which is defined by five consecutive knots cen-
tered at 7;.

@ Springer

We renumber the weights in Eq. (14) collectively as
v; in sequential order, i =1,...,n, +n,+ 5, and do the
B-spline basis functions B;(e) in the same way. Using this
notation, we can write the output of the network NN(e) as

ny+n,+5

NN@) = D vBie) (15)

i=1

This expression follows the structure of the spline
representation in Eq. (5) by identifying the learnable
weights v; with the spline coefficients c;. Thus, the out-
put in Eq. (15) approximates the Cauchy stress z(e) at the
input strain e.
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As noted in Section 3.1.1., the network must satisfy the
following constraint

ny+n,+5

D viBe=0)=0 (16)

i=1

which reflects the stress-free state at zero strain. Because
each basis function has compact support over five knots and
vanishes at the endpoints, B;(e = 0) only has nonzero values
when whose second, third, and fourth knots are at the origin.
Therefore, Eq. (16) can be rewritten as

vy B, (0)+VB*(0) +v{ B} (0) =0 a7)

We can solve Eq. (17) and find the value of the coef-
ficient v° that satisfies the zero-passing condition. As
a result, the liner layer has (n; + 2) + (n, + 2) learnable
parameters.

Fig.3 Overall process of using
the B-Spline-based constitutive
neural network — from input
data to performing finite ele-

ment analysis

3.2 Training procedure

The training process involves determining the optimal
number and values for the weights {w;} in the knot con-
troller and {v;} in the linear layer. The number of knots
may be reduced in the solution process through a cluster-
ing algorithm in dynamic layer updates. The values of
weights are optimized through standard gradient-based
optimization.

A schematic diagram of the overall process is given in
Fig. 3, and we discuss the details of the solution proce-
dure in the next sections.

3.2.1 Data preparation
Our neural network model requires the logarithmic

strain as input and the Cauchy stress as output. There-
fore, each pair of uniaxial test data must be checked and

Uniaxial stress-strain test data
(Cauchy stress, Hencky strain)

Adaptive B-spline Neural Network Training

Construct/Adapt
neural network structure |

Transfer learned weights
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\4

knot pruning

via K-means clustering

Train neural network

f

l

Final neural network
(i.e. Final optimized B-spline function)

l

Constitutive modeling

Obtain the strain energy

density function
through the spline approximation
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Calculate formula for stress
and tangent stiffness

\ 4

Perform finite element analysis
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possibly preprocessed to correspond to logarithmic strain
and Cauchy stress data, and the data should be sorted in
ascending order of the strain values. That is, for each pair
of data (e;, 7;), we should have e; < ¢;,, for all i. As indi-
cated in Eqgs. (11) and (12), the two smallest and two larg-
est values in the strain data must be specified to determine
the domain of the knots.

3.2.2 Initialization

To provide a stable starting point for training, we want to
assign the initial number of knots based on data and place
them uniformly. The number of internal knots in each of the
negative and positive domains is set as n; = min(30, n,., + 1)
and n, = min(30, n,,, + 1), where n,, and n, denote the
number of data points, respectively, within each of the two
strain domains, see Section 3.1.2. These formulas were chosen
to have an effective scheme with the “30” as an upper bound
to also prevent too fine a representation. The uniform place-
ment of knots is prepared through zero initialization of the
weights {wi} in the knot control layer.

The weights {v;} are initialized reflecting the global trend
of stress—strain relationships, which generally exhibits a
monotonically increasing behavior in typical loading con-
ditions. Hence, we initialize the weights to evenly divide
the stress range.

3.2.3 Loss function

The purpose of the training process is to minimize the dif-
ference between the predicted stress and the actual stress.
We use the mean squared error (MSE) as the loss function

N
1w - _
MSE = + > (7 - NN(z,))’ (18)

i=1

where N is the total number of data points, 7, is the actual
stress at the i-th strain data point, and NN((¢; ) is the predicted
stress at that data point. No normalization is applied to the
stress values when computing the error.

3.2.4 Dynamic layer reconfiguration

Once the positions of the knots have been trained, the solu-
tion procedure should reduce the number of knots if they
are deemed too close to each other to avoid overfitting. To
achieve the reduction in knots, the distances between neigh-
boring knots are calculated, and the distances are clustered
into several groups using the K-means algorithm [28, 29].
When two neighboring knots are identified as very close
through the clustering process, the two knots are merged
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into a single knot by averaging their positions. After iterat-
ing over all pairs of selected points, the layers and the entire
structure of the network are reconfigured accordingly.

We found choosing the number of clusters as four is a
reasonable choice, which provided a good balance between
over- and under-simplification. Using too few clusters (e.g.,
k < 3) may result in excessive knot removal, potentially
degrading the expressiveness. Conversely, choosing too
many clusters (e.g., kK > 5) may focus only on small-distance
outliers, resulting in a negligible reduction. Of course, the
number of clusters used can be adjusted based on the specific
dataset and the desired level of detail in the stress—strain
curve representation. However, k = 4 consistently produced
stable and meaningful simplifications in our experiments.
Empirically, repeating this dynamic layer update process
twice tends to produce a good result.

3.2.5 Training setup

We used the deep learning framework PyTorch [31] for
the neural network implementation. In our NN model, we
minimize the MSE loss function through ADAM (Adaptive
Moment Estimation) [30] in a full-batch setting. The parameter
updates were achieved iteratively through the automatic dif-
ferentiation engine of PyTorch.

The model was trained in three stages with progressively
refined knot configurations and decreasing learning rates. In
the first stage, the model was trained for 100 epochs using
the ADAM optimizer, with a learning rate of 0.2 for the knot
controller and 0.1 for the linear layer. Separate learning rates
were assigned based on empirical observations to balance the
speed of knot adjustment and coefficient optimization.

The model was then retrained for additional 100 and
150 epochs in the second and third stages, respectively,
with reduced learning rates of 0.1 and 0.05 for both layers.
After each stage, the network was reconstructed by updat-
ing the layer configuration as described in Section 3.2.4.
We found that this progressive reduction stabilizes the opti-
mization process by avoiding overshooting and improves
convergence.

Additional observations regarding the convergence of the
training process and the strategy to stop the process are dis-
cussed in Appendix C. We should note that there is no separate
testing performed for accuracy evaluation as in the usual use
of NN, that is, the solution procedure uses all given data for
training. Once the NN scheme converges to represent the given
data, the constitutive representation has been established.

4 I|llustrative examples

Our objective is to present here example analyses to illus-
trate the performance of our proposed model.
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In the analyses, we use for comparison the extended
Mooney-Rivlin model, one of the most widely-used mod-
els of hyperelastic materials. The standard Mooney-Rivlin
model is a two-term polynomial model with respect to

Wi, L)=C - =3)+C- (I, =3)

the invariants of the deformation tensor, and an extended
Mooney-Rivlin model has additional higher order terms to
capture the higher nonlinearity of the stress—strain curve
more accurately. The strain energy function of the extended
Mooney-Rivlin model is given by

+Cy (1 =3+ Cy- (I, =3)- (I, = 3) + Cs - (I, = 3)° (19
+Cs- U, =3 +Cy- (I, =3P -, =3)+Cy- (I, =3)- (I, =3)* + Cy - (I, = 3)°

where [, and I, are the first and second invariants of the
deformation tensor, respectively. The coefficients C; are the
material parameters to be determined by fitting the model
to the given data.

We used ADINA for our finite element analyses [21]. The
program provides a user-coded material subroutine that is
called at every solution step and every Gauss integration
point of the finite elements in the mesh. Given the strain val-
ues calculated in ADINA in each iterative step of analysis,
the corresponding stresses and tangent stiffness values need
to be evaluated at each Gauss point through the user-defined
subroutine. In the case of using the Mooney-Rivlin model,
the stresses and tangent stiffness values are directly obtained
by differentiation using Eq. (19) [1].

In our use of the NN we proceed as follows. We first
train the NN as described above to represent the given
stress—strain data set. The material response is then given in
closed form through the set of piecewise cubic polynomials
established in Section 3. We next use this material model
representation and hard code it as the representation of the
material response for each principal Hencky strain direction.

Using this code for the stress—strain representation, we
can directly calculate, at any strain value given by ADINA,
the principal stresses and, by differentiation, the tangent
stiffness values. In conventional settings of NN-based con-
stitutive models, the stress and tangent stiffness tensor are
computed by using the network through forward passes and
computing derivatives through automatic differentiation at
each Gauss point for every Newton iteration. In contrast,
our model is fully interpretable and admits a closed form
representation in terms of the piecewise cubic polynomi-
als used. The subroutine for these calculations to obtain the
stresses and tangent stiffness values was written in Fortran
and integrated into the ADINA user-coded material model
framework.

Therefore, in essence, the set of piecewise cubic pol-
ynomials established in our NN replaces the classical
closed-form expressions, like the Mooney-Rivlin model
in Eq. (19), to model a hyperelastic material in a finite
element analysis.

We present in Section 4.1 how two sets of material data
are represented by our model. Thereafter we provide two

examples of finite element analyses using our constitutive
model in ADINA, see Sections 4.2 and 4.3.

4.1 Material representations

In this section, we focus on the material representations
reached using our model and the Mooney-Rivlin model
in order to illustrate the capability of our NN constitutive
model.

We consider generalized Mooney-Rivlin models using
three different polynomial orders, denoted as MR,, MRs,
and MR,. Here, MR, refers to the Mooney-Rivlin model
with the first n terms in Eq. (19). For example, MR, is the
standard Mooney-Rivlin model that retains only the first
two terms. While other procedures can be employed, we
use a least-squares approach to find the Mooney-Rivlin
coefficients throughout this study. Adopting the least-
squares method allows for a fair comparison, as it gives
the solution that minimizes the mean squared error (MSE)
(Eq. (18)) by design. The scipy.optimize module in Python
was used for the least-squares fitting.

Figure 4 shows the uniaxial response data to be repre-
sented in the constitutive models.

The results obtained for each dataset in Fig. 4 are pre-
sented in the following sections.

4.1.1 Typical hyperelastic material—Treloar’s rubber

As shown in Fig. 4, the benchmark dataset published by
Treloar of vulcanized rubber at 20 °C includes both uniaxial
tension and compression, see ref. [4]. We digitized the data
given by Treloar in ref. [4] to obtain Fig. 4. Using these
data, we reach the results using the Mooney-Rivlin models
and the B-Spline-based constitutive neural network shown
in Fig. 5. We see that excellent representations of the origi-
nal data are obtained.

4.1.2 Hyperelastic dataset with tensile data of an artery

To further demonstrate the flexibility of our model, we con-
sidered a dataset of an artery.

@ Springer
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Fig.4 Uniaxial stress—strain test datasets

Since only the tensile data was measured experimen-
tally [32], we supplemented it with a simple but reason-
able rubber-like dataset to represent the compressive region,
see Figs. 4 and 6. This dataset is more difficult to repre-
sent due to the simple behavior in compression and com-
plicated behavior in tension with the presence of localized
fluctuations.

The results obtained are shown in Fig. 6. The imbal-
ance of the data distribution impairs the performance of the
Mooney-Rivlin models because the MR and MR, models
focus primarily on capturing the behavior of the tensile data,
where the data points exhibit high density. The attempts to
fit the tensile data leads to a rather inaccurate representation
in the compressive region. However, our approach achieves
better results throughout the stress—strain data.

4.2 Patch tests

The patch test is a standard test to verify an element formu-
lation or a solution scheme as in dynamics, [1, 2, 33]. Con-
sidering the formulation of elements, satisfying the patch
test ensures that the elements reproduce the uniform stress
fields imposed by constant boundary tractions with minimal
displacement boundary conditions and converge in complex
simulations of structures. As suggested in ref. [1], we use
a square patch of elements with a uniform loading in the x
-direction, y-direction and corresponding to simple shear.
The distorted mesh of four-node elements used in the test
is shown in Fig. 7. The patch test is said to be passed if the
stress values in the elements in the deformed configuration
correspond to the exact analytical solution.

Our objective here is not to test the formulation of the
elements but instead whether the material representation in
our constitutive model and the implementation are correct.
The elements in ADINA are formulated to satisfy the patch

@ Springer

strain (e)

test and hence we can proceed using that program to test
our NN-based constitutive model. We use the rubber data
of Fig. 4(a) and the results obtained using our NN model
are presented in Figs. 8 to 11. Figures 8 and 9 show the
deformed meshes for a force of 12.50 N applied to each of
the two points of loading. The calculated stress values are
equal to the analytical value.

Usually, the patch test is only performed in infinitesi-
mally small strain conditions because focus is on the ele-
ment formulation. However, to test our constitutive NN
model and its implementation it is necessary to perform
the patch test with larger stretches such as we used. The
stress—strain responses are plotted in Fig. 10 which shows
that excellent results are obtained, including using the
standard Mooney-Rivlin model in ADINA with the param-
eter set referred to as MRy. The result of the shear patch test
is given in Fig. 11. In this case we considered only small
deformations because imposing shearing tractions for large
deformations would result in complex stress distributions
within the elements.

Having performed the above tests, and obtained good
results, we can consider our NN constitutive model and its
implementation to give accurate and reliable representations
of incompressible hyperelastic material response.

4.3 Analysis of a plate with a hole

To further assess the capability of our NN model, we per-
form a finite element simulation of a plate with a hole, which
is a common benchmark problem to test finite element
methods. In this simulation, 2D plane stress conditions are
assumed and using symmetry only one-quarter of the plate
is modeled. The material of the plate is that of the artery
shown in Fig. 4(b), and the initial thickness of the plate is
1.0. The plate is subjected to a uniform tensile load in the y
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Fig.5 The results using the Mooney-Rivlin model and the B-Spline-
based constitutive neural network on Treloar’s vulcanized rub-
ber data. (a) Using the Mooney-Rivlin models, and (b) Using our
B-Spline-based constitutive neural network

-direction through the imposed displacements at the ends of
the plate as depicted in Fig. 12.

Our objective is to compare the performance of our
NN model with a Mooney-Rivlin model in this finite ele-
ment simulation. We used the Mooney-Rivlin coefficients
obtained from the fitting in Fig. 6. From an engineering per-
spective, the MR, model might be the best choice consider-
ing the three Mooney-Rivlin models. The MR5 model shows
an inadequate representation of the behavior in compression,
while the MR, model being more complex is closer to the
experimental data. However, the slope of the stress—strain
curve of the MR, model becomes negative at the tensile end
which may cause the extrapolation to yield a non-physical
behavior. Thus, also for simplicity, we used the MR, model
in this simulation.
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Fig.6 The results using the Mooney-Rivlin model and the B-Spline-
based constitutive neural network for the dataset with a peak and
wiggles. (a) Using the Mooney-Rivlin models, and (b) Using our
B-Spline-based constitutive neural network

To trace the nonlinear response with ADINA, we
employed for the solution of the nonlinear finite element
equations the Newton—Raphson method with the line search
strategy, the energy tolerance ETOL =0.0001, force toler-
ance FTOL =0.001, and the maximal number of iterations
MAXITER =100. Also, we employed the automatic time-
stepping scheme to have stability and convergence during the
solution process. In general, the Newton—Raphson iterations
converged within 20 iterations per load step. The automatic
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time-stepping algorithm adjusted the global increment size
dynamically in response to local nonlinearity, while the line
search strategy complemented this procedure by scaling
the search direction in each Newton iteration step locally.
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Together, these two procedures help to maintain global and
local convergence robustness.

Figure 13 shows the mesh used and the results
obtained. All elements are nine-node quadrilaterals
except for one seven-node triangle, with a total of 74 ele-
ments. The von Mises stress band contours correspond
to the quarter plate stretched by a displacement of 6.2
units. We see that our constitutive NN shows localized
stress fluctuations not seen when the Mooney-Rivlin
model is employed.

The fluctuations in the stress do not remain fixed but
propagate with the loading from near the hole boundary
where the stress concentration naturally occurs. They then
gradually move upward into the plate body.

These phenomena are not numerical artifacts but rather
reflect the material behavior, that is, the underlying non-
smooth features of the data. The model exhibits local-
ized variations in stress response within the stress range
of approximately 0.02 to 0.05 in Fig. 6. While the MR,
model shows a monotonically increasing stress behavior,
our model captures the main trend while preserving slight
stress fluctuations. At the loading stage shown in Fig. 13,
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Fig. 8 Patch test schematic and the deformed configuration using our NN constitutive model. The xx-stress values are identical to the analytical

values. All other stresses are very small

Fig.9 Patch test schematic

and the deformed configura-
tion using our NN constitutive
model. The yy-stress values are
identical to the analytical value.
All other stresses are very small 2
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@ Springer

12.5 NT

1

STRESS-YY

3.744
3.744

MAXIMUM
A 3744

MINIMUM
X 3.744

o8




Machine Learning for Computational Science and Engineering

(2025) 1:31

Page130f19 31

Uniaxial test

—— Patch test: x
601 —— Patch test: y
Patch test (MRo)
VulcRubber Data

404

stress (z1) [MPa]

10 05 00 05 10 15 20
strain (e;)

Fig. 10 The stress—strain data for vulcanized rubber used and pre-
dicted in the patch tests. The results using our NN constitutive model
for the x and y-directions and the results using the standard MR,
Mooney-Rivlin model in ADINA

the von Mises stress falls into the critical stress range,
which is between 0.02 and 0.05, highlighted in the color
bar of Fig. 13. This correlation tells us that our model
captures the local stress variations and the fine features
quite well.

Finally, it is valuable to also solve the problem by apply-
ing tensile tractions at the plate end (instead of displace-
ments). We found that the main observations given above
do not change.

These findings reveal the practical impact of material
modeling choices on nonlinear simulations. The plate with
a hole simulation demonstrates the potential of our model
to meaningfully reproduce fine-scale material characteris-
tics in practical engineering problems. We realized also that
when using the existing Sussman-Bathe model, convergence
difficulties are encountered in the solution of this problem
if the raw dataset of Fig. 6 is used directly. These observa-
tions suggest that our approach effectively generalized the

Fig. 11 Patch test schematic

Sussman-Bathe model, and extends its applicability to more
complex, non-preprocessed data.

5 Concluding remarks

We proposed a novel neural network inspired by the Suss-
man-Bathe model for hyperelastic materials. The essence
of our development is that we modified the spline-based
interpolation of the Sussman-Bathe model from inter-
polation to regression using B-splines in the neural net-
work representation. Hence our neural network scheme
inherits and extends the advantages of the Sussman-Bathe
model. An important asset is that in the regression our
procedure establishes a curve that is twice differentiable
and minimizes the difference between the predicted and
given values of any physically reasonable test dataset.
Using a regression scheme allows us to track the major
trends and even localized peaks while ignoring small non-
physical fluctuations. The use of the regression scheme
also resolved an overfitting issue that an interpolation can
encounter.

We used our constitutive model based on the proposed
NN within ADINA and solved the patch test to test the
model in large longitudinal strain conditions. This is an
important test to pass before a solution scheme can be
recommended for engineering use in practice. We also
illustrated how our NN model captures “peak and valley”
details in supplied test data which can be important to
solve physical problems accurately. A user of our model
needs to only supply measured test data as input and hence
need not decide which formula-based hyperelastic model
(like a Mooney-Rivlin model) best fits the data. The NN
gives the analytical B-spline representation of the test
data, which can then be directly coded into the finite ele-
ment implementation. Hence, our model is used in a finite
element program quite similarly to how classical material
models are employed.

To illustrate the use, we solved a typical benchmark
problem (a plate with a hole) with a complex hyperelastic

10 mm

and the deformed configuration.
The shear stress values are very
close to the analytical value and *
the other stresses are very small
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Fig. 12 Schematic of the plate with a hole problem. A quarter of the plate is modeled using symmetry boundary conditions. The plate is sub-
jected to a uniform tensile load in the y-direction by imposing displacements

material behavior not captured using classical material mod-
els and obtained very valuable results. We can conclude
that our NN procedure used in a finite element program like
ADINA can be an important option in representing material
behaviors in finite element simulations.

However, further research and developments to employ
NN to model hyperelastic material behaviors would be
valuable. Our use of the NN focused primarily on the
effective use of the optimization procedures available in
the proposed NN to reach a relatively simple but general
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constitutive model of incompressible hyperelastic mate-
rial behavior. With the wealth of related developments
available, see e.g. T. Rabczuk and K.J. Bathe [34], a more
encompassing NN based on additional developments and
effective use of optimization schemes may be reached.
Also, considering hyperelastic material behavior, there
is a need to include compressibility and non-isotropic
effects. Furthermore, more complex material behaviors
should be tackled using NN, for example the behavior of
concrete materials. Hence the research presented in this



Machine Learning for Computational Science and Engineering (2025) 1:31 Page150f19 31
Fig. 13 The plate with a hole PRESCRIBED 6.200

problem. The left figure shows DISPLACEMENT ’

the original mesh, the mid- TIME 1.000

dle figure shows the deformed

mesh and predicted effective 3 3 S
stress using our NN constitu- T j T T T
tive model, and the right figure D S SR e
shows the results obtained using Pegsescereceye
the Mooney-Rivlin model in M I S SR dd
ADINA b o 6 0o 60 060 60 ¢
P © & ©6 ¢ © ¢ ¢ ¢ ¢ ¢
p p P P P & ©
P © & © ¢ © & © ¢ © ¢
P € 6 6 ¢ 6 ¢ ¢ ¢ ¢ ¢
p p P 0 o P o o
P © ¢ ¢ ¢ P & ¢ © ¢
3 : .- [ ] .- e
o990 6o 4o 1
pove ° e ol
SSag L ° e o
bege
A . S ]
e %o °®
° °
e 3
°
*te 00 ® [ ]

paper, apart from proposing a specific NN based consti-
tutive model, might also be seen as opening an avenue for
further research on modeling various material behaviors
with NN procedures.

Appendix A Sussman-Bathe model

Considering pure uniaxial tension—compression, we have

e, =e, €, =¢e;= —%e. Then, from Eq. (2), we have
r =w(e)) +py (20)
7, =w(ey) +py @1

Since only the first direction is subjected to direct external
loading, 7, = 0. Thus, we obtain from Eq. (21)

pu=—w(e,) 22)

EFFECTIVE
STRESS

/ , E 0.05000

0.04333
0.03667
0.03000
0.02333
0.01667
0.01000

And with Eq. (20) we have

7 =w(e;) —w(er) (23)

We use 7; = 7(e) and obtain Eq. (3).
The Sussman-Bathe model defines the energy function w(e)
in terms of z(e) since Eq. (4) satisfies Eq. (3):

v (1) = Ee((4) ) - B (5

k=0
S N S 1\

= [r(e) + ]; T((_E) : e)] - %T((_E) . e)

=17(e)
(24)
Hence, with 7 obtained from the uniaxial test data, w’(e),
the derivative of the energy function, can be recovered using
Eq. (4). Although the strain energy function W can be cal-
culated by integrating the function w’(e) and summing as in
Eq. (1), the integration is not necessary because only the deriv-
atives appear in Egs. (20) and (21) for computing stress values.
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Appendix B Example of a B-Splines basis
function

We provide here an example derivation of a B-Spline basis
function. A step-by-step derivation of the B-Spline basis func-
tion B, , using the Cox-de Boor recursion formula is given, as
stated in Eq. (6).

Appendix B.1 Distinct knots

Consider a case of five distinct knots t; <, < t; <1, < 5.
To obtain a B-spline basis function B;(x) = By 3(x) of degree
p = 3, we start with the lowest order k = 0:

_ liftin<ti+1 .
Bio) = { 0 otherwise i=1234 (25)

Fig. 14 Plots of training history (a)
showing the loss without nor-
malization for (a) The rubber

Next, we recursively compute B; ,(x) fork = 1,2, 3:

B, (x) = =B o(x) + By, o(x) i=1,2,3

1}1_7_’1‘ 1 .2_3}1

Bi,(x) = —=B;;(x) + =“—B,;,;,(x) i=1,2 (26)
fijgz_l_’i liy3 2}1

B;3(x) = - _‘t_Bi’Z(x) + t_'*“_t_ B, i= 1
+37 4 +47 i+

We note that B; ,(x) is a unit function on the interval [#;, 7, ),
and B; | (x) is a hat function defined on the interval [#;, 7;,,).

Appendix B.2 Repeated knots

If knots are repeated in the knot vector, that is, =1y for
some j, the smoothness of the B-spline basis function is
affected. If 7, = ¢; for some i and k, we have a denominator
equal to zero, which could introduce numerical instability. To
resolve this issue, the following convention is adopted

Training History

example and (b) The artery
example

Loss

(b)

o 4

0 100 150 200 250 300 350 400
Epoch

Training History

10 * 4

Loss
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xX—t £ 1 . In the extreme case, if a knot is repeated 4 times, the
= 1 . =1. . . .
t., —t itk = b @7 B-spline basis function generated by the the knots (and one
ik =i b - on seneree Y :
additional knot) will exactly interpolate a data point at that
where k > 0. knot. For example, if we are givent; =t, =t; = t, < t5, We
We note that a basis function has nonzero support only over  gptain.
the interval spanned by its defining knots. Since t; = -+ = 1,4,

the interval collapses to a single point and B, ;_; (x) becomes
zero everywhere by definition. By setting the coefficient zero,
we ensure that the entire term involving such basis functions
(e.g. B;y_(x)witht; = --- = ;) vanishes and we maintain the
local influence within the interval produced by distinct knots.
As aresult, one repetition of knots reduces the differentiability
by one order.

Fig. 15 Plots of relative loss
change for (a) The rubber exam-

By ;(x) =0-B,(x) + %Bz,z(x)
B2,2(.x) = O . BZ,I(.X) + IS—_;: B3,1(.x)

By (x) =0 B;o(x) + ;T_ZBM(JC)

lift, <x<t
B4,0(x)={ y >

(28)

0 otherwise

and, in turn, we obtain

ple and (b) The artery example A
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ts — X
By 5(x) = - B, ,(x)
s—h
t5 — X ts — X
= . B3’](x)
Is—0h I5—1
ts—Xx ts—Xx ts—X 29)
— . . B4’o(x)
ts—t, ts—t; ts—1y
?X3ﬁt<x<t
= ts—1y 4= 5
0 otherwise

Appendix C. Criteria to stop the iteration

The convergence histories of each training in Sections 4.1.1 and
4.1.2 are shown in Fig. 14. The peaks correspond to the recon-
structions of the network by updating the layer configurations.
In both training cases, the loss curves begin to flatten around
epoch 300, reflecting a reduced rate of learning progress.

The loss scales vary considerably between the two cases
since the stress values in the original test datasets differ
significantly in magnitude. To obtain a normalized rate of
loss decrease we introduce the relative change defined by

_ |Lt - Lt—1|

rel — |Lt_1 | (30)

where L, denotes the training loss at epoch ¢. This relative
change in loss is indicative of how much a loss has changed
from one step to the next, relative to its previous loss value.

We can then define a convergence criterion based on this
relative loss change. We consider the training as converged
when the change remained below the threshold 0.002 for 10
consecutive epochs which occurred in our example material
models at around epochs 350, see Fig. 15.
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